Group Theory — Post 2018 Mix — Mark Scheme

(i (2 -1 , (1 -1y o, 1 -2
X= = X' = X' = .
P 1 0) Sl o) M1 1.1a | Attempt at powers of X (possibly BC)
X4 = 0 -1 X= |~ 1 -1 Xf= -1 0 Al 1.1 Correct up to X" (NB - not all needed)
1 -1 Al -2) 0 -1
Note that X" = - X etc. so that none of X to X' is equal to I Candidates may calculate cach of these BC
= X"”=1 andso n(M)=12 Al 2.2a | Correctly deduced
because the powers of X now cycle every 12" power but no sooner E1l 24 Clear statement needed to justify n(M)=12
14]
(i) The set is closed (each element is one of the 12 powers of X); B1 2.1 One for each group axiom
matrix multiplication is known to be associative; B1 1.1
the multiplicative identity I is in M; B1 l.1a
and the inverse of X* is X'* *for all suitable £ ... so we have a group G B1 1.1 Inverses may be explicitly paired-up
The group is cyclic since it is generated by X (or X or X" or X') oe El 24 Only one generator needs to be mentioned here
[5]
(iii) Proper subgroups of G are 7L = {X", I}, H,= {X", X". I}, B1 3.1a | Any two correct;
He={X X% X% 1), He= (X2, X4 X0, X5 X 1 B1 1.1 | All four correct (+ no extras — ignore inclusion of
{1} and/or ()
The above subgroups are those generated as follows:
Hy=(X), Hy=(X)=(X),  Hi=(X)=(X)) Bl | 3da
and Hg= (XI] = (Xw) and are thus unique
Mention that Lagrange s Theorem states that | H ||| | El 3.1a | Condone omission to mention that any subgroup
containing X*or X or X" is G (since they are
so there are no subgroups of orders 5,7, 8,9, 10 or 11 Bl 2.2a | genecrators)
i3]
OR For listing the subgroups (as above) B1 B1
The elements have orders {12, 6,4, 3,12,2,12,3,4,6, 12, 1}
and one can argue from the orders of elements that (e.g.) :
a subgroup of order 2 must contain I and an element of order 2 = H,
uniquely; a subgroup of order 3 must contain I and an element of order
3 = H; umquely, since there are only two such elements and they are
an inverse-pair; similarly for H; B1
Then as above for no subgroups of orders 5. 7. 8.9. 10 or 11 El1 B1
(i) If P(x) = x or F(x) = x Bl 23
then it will generate a group of order 2 or 3. B1 22a
12]
(ii) Since det(product) = product of dets El 31a
weneed det(M®) = (det M)*=det(l) = 1 = det(M) =1 El 2.1
12]
a b cos2ZE _ginZ i.e. a generator of the group of rotations through
(iii) Want ( J - 6 6 Bl 34 ioles of £
c d sin2T  coslE multiples o N
6 6
[1]
. a b L& 1y A3 x-4/3
(iv) | (a) = ji ]1 gives f(x) = j_ L or ( B1 35
c d =S 7 TSX +% xa/3+1 =a
[
10 x40 B1 35b | *BC
(b) | M= gives £(x) = =x, so f not of order 6 Bl 3.1a Must state the conclusion and not stop with the
0 -1 0x-1 working
2]
T T
However. takin a b _ COS; —sm ; M1 3.5¢ Another rotation matrix
© ’ < c d sin®  cosZ Al A correct suggestion
6 6
xy3-1 x—+3 -1
gives f(x) = L for which f(x) = i and Fx)= — = f'x)=x M1 3.2a Attempt at powers of fup to f°
x+43 x3+1 x
Must state, or have shown, that both f:(x) and fs(x) #X Al 24

141




(@) | (i) | Sincea#0andc#0, ac#0 = (ac, b + ad) € L so L is closed under * B1 24
[1]
(i) | [(a, b) © (¢, d)] © (e, /) =(ac, b + ad) © (e, f) M1 1.1a Attempt at (x&y)Oz or xO (y<z) for elements x, v, z
= (ace, b + ad + acf) Al 1.1
(a, b) © [(c,d) © (e, )] =(a, b) & (ce, d + cf) M1 2.1 The other attempted
= (ace, b + a(d + cf))
Since a(d + ¢f)= ad + acf the two are equal, we have associativity Al 24 Must state that the two are equal
[4]
(iii) | (a, b) © (¢, d) = (ac, b + ad) = (a, b) e.g. M1 1.1a Setting product equal to either component
= c=1,d=0 1ie. (1,0)is the identity Al 1.1
12]
@iv) | (@, b) ¢ (¢, d)=(ac,b +ad)=(1,0) M1 1.1a
) 1 b (1 b
gives c= — and d= —— sothat (a,b) =|—,——
a a a a Al 1.1
which exists and is in L since @ # 0 and —# 0 E1l 2.4 Must note here that the inverse is in L
3]
(b) (a, b) *(a, b)=(1,0) ie. (% b(I+a)=(1,0) M1 3.1a Looking for any self-inverse element
For this not to be the identity, @ =—-1 and b arbitrary
So the set {(1, 0), (-1, b)} for any real b will form a subgroup of order 2 Al 2.2a Must choose a value for 4 or note that any will do

121




@ |(a) a —b)(e —d) (ac—bd —(ad+bc)
b a d ¢ ) \ad+bc ac—bd M1 L1
iLe. p=ac—bd and q=ad+bc Al 1.1 May be clear from the product matrix
12]
(i) | (b) | Suppose that both p=0andg=0, so that OR
ac—bd=0 and be+ad=0 Bl L1 Explicit assumption that both are zero | B1 Suppose that both
Condition that @ and b not both zero p=0and g =0so that
and ¢ and d not both zero need not be P —q L,
explicitly stated det[ J: P +q =0
q P
Then acd —bd* =0 and e.g. treating as simultaneous equations
acd+be® =0 (either a, b or ¢, d) M1 Then
. PR det a —b)(c —d -0
Subtracting :>b(c +d ]:(] M1 3.1a Sy L le o7
Since ¢ and d are not both zero ¢~ +d~ #0 Al 22a | One case correctly concluded Al so that ¢ +d% =0 and/or
=b=0 2,42
a +b" =0
Similarly, ac—bd =0 and
be+ad _030(62 +d2}—0 2a econd case correctly conclude since neither {c an or {a an
_ _ Al 2.2 Second 1 luded Al si ith d d d
b} can both be zero...
Since ¢ and d are not both zero ¢® +d* 20
=a=0
This contradicts the condition that a, b are not El 24 Contradiction clearly explained E1 This contradicts the condition that
both zero, so the assumption that p and g are a, b and ¢, d are not both zero, so the
both zero is false. assumption that p and g are both zero
is false.
151
(i) Closure follows from part (i) B1 1.1
(Associativity is given)
Identity is when ¢ =1, b=0 or noting Bl 1.1
1 (=)0
G0y
0 1
a —-b B1 2.1 To earn this, they must show
Inverse of b a 15 appropriate form for A~ and note
why it exists
1 a —(-b)
T3 eX
a+b"\-b a
since @’ +b> #0 (as a, b not both zero) El 2.3
4]
(iii) The matrix witha = cos(lfr) b= sin(irr) B1 3.1a | Suitable values of @ and b
17" ) 17
generates ...
the subgroup of rotations about O (through Bl 2.4 Description of the subgroup
multiples of 1)
12]




(a) 112=121 =41 (mod 80) so4l € § 3.1a B1
11 x41=451=51 (mod 80) so51 € § 25 B1
41°=1(mod 80) sol € S 2.2a B1 B1 for each other element found (possibly tabulated)
xo ] 1] 11 ] 4151
1 1 11 41 51 i M1 4x4 table attempted (with at least R and C; correct) using the
s correct 4 elements
11 11 41 51 1 i
41 41 31 1 11 4 Al All correct
51 51 1 11 41
151
(b) Choice of a suitable method, such as MUST be for two groups of order 4
Listing orders of elements: 1,4,2,4in Gand 1,2,2,2in H 21 M1
OR Stating that G is the cyclic group of order 4 while / is the Klein-4 group 24 Al Using knowledge of small-order groups: M1 for clear indication
3 that there are only two groups of order 4, A1 for the details
OR Stating that G has an element of order 4 while / has all (non-identity)
elements of order 2
12]
(©) i | G has proper subgroup {1,41} only 3.1a B1 Ignore statement of {1} and group throughout
7 1.2 M1 Listing any two correct subgroups of order 2
Hhas proper subgroups {1,9}, {1,31} and {1,39} 2.2a Al All three and no extras
13]
ii | G and H must have different structures since they have differing numbers of 2.4 Bl (Must have different numbers of subgroups in (¢)(i))
(proper) subgroups
1l
a b c d
a b d a @ Column 1 Bl 3.1a
(a) b c a d | b Column 3 Bl 1.1
c a b ¢ d Any 39RorC Bl 22a
d d] e b a All correct Bl 1.1
141
(b) No —since ¢ is the “left identity” but there is no “right identity” . .
O there is no identity column B1 b4 | ANy V:llld reatS(}))r; (vague or unsupported claims
Or (ad)b=cb = b but a(db)=ac = a so op. notassociative are not acceptable)
[
(a) 2,3,4and 6 Bl I Ignore | or 12 if they appear
because these are the factors of 12 (by Lagrange’s Theorem) Bl 2.4 &n ¥y app
12]
(b) {3,9,27} Bl 1.1
L)
©) 27 Bl [
]
(d) 18, 182=324=12 mod (39), (183=21) ... M1 LI | For method of searching by finding powers
184=122=27 (mod 39) so order 4 Al 2.1
12]
(e) 3=3,42,81,... M1 3.1a [ Method for searching for squares = 3 (mod 39)
First square-root of 3 is 9 Al 22a
Second square-root of 3 is -9 = 30 Al 32a | Cannotjuststate -9
131
(f) Identity 27 in G does not map to identity 1 in H Bl 24 | Or any clear equivalent statement
1]
(a) {e,a.a’} B1 11
Bl 1.1
{e, b} le, ab} {e, a’h} B1 1.1 Ignore inclusion of {e}, G
B1 1.1
141
G 1s 1somorphic to the symmetric group of three
elements . :
b . . . B1 25 Accept “the non-cyclic group of order 6
(b) i.e. D3 (the symmetries of the A) or S5 (the P yehe group
permutations of 3 symbols)
[




(a) Closed ... YES since the ‘product’ of 2 complex numbers is a third B1 24 | “Yes’ with valid reason
1]
(b) [(a+ib) ¢ (c+id)C(etif)y=[ac+i(b +ad)] O (e+if) M1 12 | Attempt at first of (pg)r or p(gr), correct to here
=ace+i(b + ad + acf) Al 1.1
(@+ib) 0 [(c+id) O (e+ifN]l=(a +ib) O [ce+i(d + ¢f)] M1 2.1 Attempt at the other, correct to here
=ace+i(b+ald+ef])=... Al 1.1 | Must be convincingly shown equal to first answer
141
(c) 1 +10 is the identity B1 2.2a
since (1 +i0) O(a+ib)=1l'a+i(0+ 1b)=(a +ib) 0 (1 +i0) B1 24 | Demonstrated (condone one-side only)
121
(d) (@+ib)O(c+id)=1 = ac+i(b+ad)=1 M1 3.1a | Test for an inverse of a general element
1 -b
= c=— and d=— Al 22a | Both components of inverse element found
a a
S is the set of complex numbers with non-zero real part
(The ‘exclusions’ are those complex numbers with zero real part; Bi 32a | Explained
i.e. the strictly imaginary numbers))
131
10.
Inverses pair up (even number) and there is one identity . . L. .
a M1 2.1 | Parity argument involving inverse pairs
element
Since total is even, there must be an odd number of self- Al 55
. .Za
inverse elements
12]
b Consider xy arid| its inverse, also xy. M1 | 3.1a | Must be stated or derived
Now xy = (xy)
=y x '=yx (= abelian) Al 1.1 | NB No need to include statements about the identity
12]
By considering the product of any two of elements 4, b, ¢ M1 21 It must be noted that these elements are self-inverse (or
¢ .
of order 2)
.. gives one of d, ¢ of order 3 Al 2% Correct examplfe f?'om the Cayley table must be given
and the contradiction concluded
12]
d Assume that all (non-identity) elements of G are self- B .
inverse/have order 2 '
Then H is a group (= the Klein group of order 4) and hence Biv | 22 Longer proofs that H is a group may involve xy = yx
za .
a subgroup of G (by part b) so that H is closed, etc.
(Lagrange'’s theorem states that) o(H) | o(G) M1 24 | Consideration of Lagrange’s theorem
But 4} (4n+2) giving the required >< Aldep | 1.1
[4]
.
X3, 1 9 17 25
9 17 25
i 9 9 17 | 25 1 B1 1.1 | Any two bold entries (in shaded squares) correct
17 17 25 1 9
25 25 1 9 17
B1 1.1 | All bold entries (in shaded squares) correct
(2]
ii |G=Cy B1 2.2a | Allow statement that G is cyclic
or rom e i dingonal oty 2 of Gos clemens Either generator noted
gonal, only B1 2.4 | Or statement that only 1 non-identity element is self-
are self-inverse, so G # K4 VErse
[2]




12.

(a) |Requirebst. a@b=a ie. ath =a M1 1.1 Including attempt to S,Dlve (e-g. by multiplying
ab+1 across), possibly implied by correct answer
< b=0 Al 2.2a | (“since a® # 1” need not be mentioned)
[2] SC1 verifying that 0 is the identity element
(b) | Require bs.t. a®@b=0 M1 2.1 | (Orforx)
= b=-a ie x'=-x Al 1.1 | (NB 0 is ‘self-inverse’)
12]
(©) [(@a@b)@c= atb @ c attempted M1 11
ab+1
b+c
a@(b&c)y=a® et l attempted M1 11 | OR noting symmetry in (@, b, c) of answer
a+b+c+abc .
Both shown equalto ———— Al 1.1 | Or any equivalently correct equal forms
ab+ac+bc+1
[3]
(d) | The set C is not closed under @ since a @ b undefined for
1 B1 2.3 | Closure shown not to apply (i.e. with example,
any (a, b) = (x, - —J, x=0,+1 1] general or specific)
X
“ " Must be made clear from the working; may state
(e) Subgroup” of order 3 must be of the form {0, a, —a} B1 21 (0, a, a ® a} initially, instead
Requirea®a=-aora®a®a=0 M1 3.1a |oe
a= +iv3 from solving cubic equation (a # 0) Al 3.2a
[3]
13.
6(1) (a*b)*c=(a+b+ab)*c=a+b+ab+c+(a+b+ab)c M1 2.1
a*(b*c)=a*(b+c+bc)=a+b+c+bc+a(b+c+bc) M1 2.1
a+b+ab+c+(a+b+ab)c=a+b+c+bc+ab+ac+abe
Al 2.2a
=a+b+c+be+a(b+c+be)
so (a*b)*c=a*(b*c
° (a*b)*e=a(b*c) Al | 24
which means * is associative
(O]
(ii)(a) 3¥=23=63=43=5 3=l
or
=4 5°=6 5'=2 5=3 5=] M1 2.1
Or special case for M1AQ if powers not shown:
3 has order 6 so generates the group
3 (or 5) has order 6 and so generates the group so G 1s cyclic Al 24
@
(b) 11, H Bl [.1b
11,17 or {1,7, 13} M1 [.1b
11,17} and {1, 7, 13} (and no others) Al 1.1b
3
() G|1]2]13]4|5]6
H|1]7 5 1311117 M1 3.1a
or Al [.1b
G| 1] 2 [3]4]5]6 Al L.1b
H| 1 13 11 7 5 17
3

(12 marks)



6(a) A rotation ... M1 I.1b
... about the centre of the shape, though an angle 120° anticlockwise. Al 1.1b
@
(b) 1 23456
561234 B1 1.1b
Onf123456 123456 123456
Cllesaz2)lz2ie6s54) (543216 ML | LIb
123456) (123456 123456 Al | LIb
Two of S &
165432 321654 543216
123456
All the above and and no extra symmetries given.
123456 Al 25
Two line form required for this mark.
@
(0) G has order 6 so can have no subgroup of order 4 by Lagrange’s
Th B1 24
eorem.
There is no element of order 6 that generates the group. B1 24
@
(@) M1 — breaks the M1 3.1a
reflections
E.g. or i
Al — keeps all rotations
) Al I.1b
and no reflections
@
(10 marks)
I5.
(a) For m,n e Z; we have m—n € 7Z (difference of integers is an integer)
. B1 2.4
and so [m—n| € Z;, hence closed under .
™
b) For meZ;, 0xm= |0—m| =|—m| —m | Checks either side M1 L1b
and m*0:|m70|:|m|:m Checks both sides and Al* 21
Hence 0 is an identity*. makes conclusion. )
2
) For m e Z, , we need [m—n|=0=n=_.or shows |m—m|=|0]=0 M1 | 22a
As |m 7m‘ =0 forall meZ, each m is self-inverse. Al 2.1
2
d) Checks associativity —ie evaluates m * (n p) and (m* n) = p with M1 12
letter or numbers. ’
E.g, l*(2*3):1*|273|:l*l:0 but
M1 3.1a
(1%2)*3=[1-2/*x3=1%3=1-3=2
Ix (2% 3) % (1 % 2) » 3 hence not associative so not a group. Al 2.4
3)

(8 marks)



1 2 4
1@) =y} 230 B | Lb
(1)
(b) 12 3 4
(431 2) Bl | Llb
(1)

(© Demonstrates that, for example:

[ 2 3 & (1 2 3 4,1 2 3 4
aobloc=[(3 4 5 1G4 3 DG 753

=(1 2 3 4)0(1 2 3 4)=(1 2 3 4)

4 123 4123 \3 412 Ml | 21
olhacrl=(l 2 3 & _[(1 2 3 4 (1 2 3 4
actboct=(3 3 5 1)°lG 5 3 DG 12 3)

=(1 2 3 4)0(1 2 3 4)=(1 2 3 4)

3 4 2 1 1 2 4 3 3 4 1 2
So [aeb]ec=ac[bec]orassociative Al 24

()

(d) The order of the group is 24 or 4! Bl 1.1b
4 is a factor of 24 or 4/24 therefore it is possible for a subgroup to Blft 24
have order 4. ’

()

(6 marks)



(a) x-e=x33[x+e+l)+2xe=x
=3e+2xe=x-3x-3=e=.. MI1 21
Or .
Let e=—l::>eiy=3(—l+y+l}+2(—l]y=...
2x+3
=— e=—1
2x+3
Or Al 2.2a
eoy=3(-1+y+1)+2(-1)y=y therefore e=~1
)
(b) Let the inverse of x be y then
M1 3.1a
xey =¢=5'::>3(14:+y+l]+§bg.J =—1
=>3y+2xy=-1-3x-3=>y=.. M1 2.1
3x+4 3 1
=>x == has —=+ Al 22
T T3 T T axse ‘
3)
<) E.g. for x= —% the 1dentity property would fail since we cannot
21
divide by 2x + 3 =0 or shows x ' = —FZ SO no inverse or can’t
divide by 0 Bl 24
3 3 3 e .
Or _5.x=3 —5-&- x+1 —3x=—§ so the identity property fails as
not unique as any x would be an identity for —%.
(1)

(6 Marks)



4(i) If we assume ab = ba; as a’b = ba then ab = a’b M1 21
Soa’abb " =aa'bb M1 2.1
So e=a Al 2.2a
But this is a contradiction, as the elements e and a are distinct so Al 24
ab # ba

)
(ii)(a) 2 has order 4 and 4 has order 2 M1 | 1lb
7, 8 and 13 have order 4 Al 1.1b
11 and 14 have order 2 and 1 has order 1 Al 1.1b

3)
(ii)(b) Finds the subgroup {1, 2, 4, 8} or the subgroup {1, 7, 4, 13} M1 | 1lb
Finds both and refers to them as cyclic groups, or gives generator Al 24

2 and generator 7

Finds {1, 4, 11, 14} Bl 2.2a
States each element has order 2 or refers to it as K lein Group B1 25

“

(ii)(c) J has an element of order 8, (H does not) or J is a cyclic group (H

is not) or other valid reason M1 2.4
They are not isomorphic Al 223

(2)

(13 marks)



